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COHOMOLOGY OF HOM-LEIBNIZ AND n-ARY HOM-NAMBU-LIE
SUPERALGEBRAS
K.ABDAOUI, S. MABROUK AND A. MAKHLOUF
Abstract. The aim of this paper is to study the cohomology of Hom-Leibniz superalgebras. We
construct the q-deformed Heisenberg-Virasoro superalgebra of Hom-type and provide as application the
computations of the derivations and second cohomology group. Moreover, we extend to graded case the
Takhtajan’s construction of a cohomology of n-ary Hom-Nambu-Lie algebras starting from cohomology
of Hom-Leibniz algebras.
To the memory of Faouzi AMMAR
Introduction
In [22], J.-L. Loday introduced a non-skewsymmetric version of Lie algebras, whose bracket satisfies the
Leibniz identity. They are called Leibniz algebras. The Leibniz identity, combined with antisymmetry,
is a variation of the Jacobi identity, hence Lie algebras are skewsymmetric Leibniz algebras. Recently
Leibniz superalgebras were studied in [1, 15] and [21], etc..
Hartwig, Larsson and Silvestrov introduced, in [19], Hom-Lie algebras as a part of a study of deformations
of Witt and Virasoro algebras, while the graded case was considered in [14]. A Hom-Leibniz superalgebra
is a triple (A, [·, ·], α), in which A is a Z2-graded vector space and α is an even endomorphism of A
satisfying an α-twisted variant of the Jacobi identity
[[x, y], α(z)] = [α(x), [y, z]]− (−1)|x||y|[α(y), [x, z]], ∀ x, y, z ∈ H(A).
Generalizations of Leibniz algebras and Lie algebras, called n-ary Nambu algebras, appeared first in
statistical mechanics [10, 11]. Moreover, Nambu mechanics [28] involves an n-ary product [·, ..., ·] that
satisfies the n-ary Nambu identity, which is an n-ary generalization of the Jacobi identity.[
x1, ...., xn−1, [y1, ...., yn]
]
=
n∑
i=1
[
y1, ...., yi−1, [x1, ...., xn−1, yi], yi+1, ..., yn
]
, ∀ (x1, ..., xn−1) ∈ N
n−1, (y1, ..., yn) ∈ N
n.
These generalizations include n-ary Hom-algebra structures generalizing the n-ary algebras of Lie type
such as n-ary Nambu algebras, n-ary Nambu-Lie algebras and n-ary Lie algebras. See also [8, 33, 34, 35] .
The purpose of this paper is to study Hom-Leibniz superalgebras and n-ary Hom-Nambu-Lie superalge-
bras. Section 1 is dedicated to basics, we recall definition of the Hom-Leibniz superalgebras, introduce
the representations and the derivations of Hom-Leibniz superalgebras and prove as application a con-
struction of q-deformed Heisenberg-Virasoro superalgebra. In the second Section we provide a cohomol-
ogy of Hom-Leibniz superalgebras and compute the derivations and scalar second cohomology group of
q-deformed Heisenberg-Virasoro superalgebra. In the last Section, we show a relationship between Hom-
Leibniz superalgebras and n-ary Hom-Nambu-Lie superalgebras. Moreover, we define a cohomology of
n-ary Hom-Nambu-Lie superalgebras and we generalize to twisted situation and graded case, the process
used by Daletskii and Takhtajan [13] to relate cohomologies of n-ary Hom-Nambu-Lie superalgebras and
Hom-Leibniz superalgebras.
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1. Hom-superdiagebras and Hom-Leibniz superalgebras
Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed
field of characteristic zero, even though for most of the general definitions and results in the paper this
assumption is not essential.
A vector space V is said to be a Z2-graded if we are given a family (Vi)i∈Z2 of vector subspace of V such
that V = V0 ⊕ V1. The symbol |x| always implies that x is a Z2-homogeneous element and |x| is the
Z2-degree. In the sequel, we will denote by H(A) the set of all homogeneous elements of A and H(An)
refers to the set of tuples with homogeneous elements.
1.1. Definitions.
Definition 1.1. A Hom-Leibniz superalgebra is a Z2-graded vector space A = A0 ⊕ A1 over a field K
equipped with a bilinear map [·, ·] : A×A → A, such that [Ai,Aj ] ⊂ Ai+j ,∀ i, j ∈ Z2 and an even linear
map α : A → A satisfying
(1.1) [[x, y], α(z)] = [α(x), [y, z]]− (−1)|x||y|[α(y), [x, z]], ∀ x, y, z ∈ H(A).
The identity (1.1) is called Super-Hom-Leibniz identity.
Suppose that (A, [·, ·], α) is a Hom-Leibniz superalgebra. For any x ∈ H(A), we define adx ∈ EndK(A)
by adx(y) = [x, y], for any y ∈ H(A). Then the Super-Hom-Leibniz identity (1.1) can be written as
adα(z)([x, y]) = [adz(x), α(y)] + (−1)
|z||x|[α(x), adz(y)](1.2)
for all x, y ∈ H(A).
Definition 1.2. (1) A Hom-Leibniz superalgebra (A, [., .], α) is called Hom-Lie superalgebra if the
bracket [., .] is skew-symmetric that is
[x, y] = −(−1)|x||y|[y, x], ∀ x, y ∈ H(A).
(2) A Hom-Leibniz superalgebra (A, [., .], α) is called multiplicative Hom-Leibniz superalgebra if
α([x, y]) = [α(x), α(y)], ∀ x, y ∈ H(A).
Definition 1.3. Let f : (A, [·, ·], α) −→ (A′, [·, ·]′, α′) be a map. The map f is called
(1) even (resp. odd ) map if f(Ai) ⊂ A′i (resp. f(Ai) ⊂ A
′
i+1 ), for i = 0, 1.
(2) a weak morphism of Hom-Leibniz superalgebras if
f([x, y]) = [f(x), f(y)]′.
(3) A morphism of Hom-Leibniz superalgebras is a weak morphism of Hom-Leibniz superalgebras
such that
f ◦ α = α′ ◦ f.
(4) An automorphism of Hom-Leibniz superalgebras is a morphism of Hom-Leibniz superalgebras
which is bijective.
1.2. Representation of Hom-Leibniz superalgebras. Let (A, [·, ·], α) be a Hom-Leibniz superalge-
bra.
Definition 1.4. A linear map D : A → A is called αk-derivation of Hom-Leibniz superalgebra for k ≥ 0
if
(1.3) D([x, y]) = [D(x), αk(y)] + (−1)|x||D|[αk(x), D(y)], for all x, y ∈ H(A).
Definition 1.5. We call a Z2-graded space V = V0 ⊕ V1 a module over A if there are linear map
β :M →M and two bilinear maps
[·, ·] : A× V −→ V and [·, ·] : V ×A −→ V
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satisfying the following five axioms, for all x, y ∈ H(A), v ∈ H(V )
β([v, x]) = [β(v), α(x)],(1.4)
β([x, v]) = [α(x), β(v)],(1.5)
[[x, y], β(v)] = [α(x), [y, v]] − (−1)|x||y|[α(y), [x, v]],(1.6)
[[x, v], α(y)] = [α(x), [v, y]] − (−1)|x||v|[β(v), [x, y]],(1.7)
[[v, x], α(y)] = [β(v), [x, y]] − (−1)|v||x|[α(x), [v, y]].(1.8)
Example 1.6. Let (A, [·, ·], α) be a multiplicative Hom-Leibniz superalgebra. A is a module over A, where
the operator is the twist map α.
1.3. q-deformed Heisenberg-Virasoro superalgebra of Hom-type.
In the following, we describe q-deformed Heisenberg-Virasoro superalgebra of Hom-type and compute its
derivations and the second scalar cohomology group.
Let A be the complex superalgebra A = A0 ⊕ A1 where A0 = C[t, t−1] is the Laurent polynomials in
one variable and A1 = θC[t, t
−1], where θ is the Grassman variable (θ2 = 0). We assume that t and θ
commute. The generators of A are of the form tn and θtn for n ∈ Z.
Let q ∈ C\{0, 1} and n ∈ N, we set {n} = 1−q
n
1−q , a q-number. The q-numbers have the following properties
{n+ 1} = 1 + q{n} = {n}+ qn and {n+m} = {n}+ qn{m}.
Let Aq be a superspace with basis {Lm, Im|m ∈ Z} of parity 0 and {Gm, Tm|m ∈ Z} of parity 1, where
Lm = −tmD, Im = −tm, Gm = −θtmD, Tm = −θtm and D is a q-derivation on A such that
D(tm) = {m}tm, D(θtm) = {m+ 1}θtm.
We define the bracket [·, ·]q : Aq × Aq −→ Aq, with respect the super-skew-symmetry for n,m ∈ Z by
[Lm, Ln]q = ({m} − {n})Lm+n,(1.9)
[Lm, In]q = −{n}Im+n,(1.10)
[Lm, Gn]q = ({m} − {n+ 1})Gm+n,(1.11)
[Im, Gn]q = {m}Tm+n,(1.12)
[Lm, Tn]q = −{n+ 1}Tm+n,(1.13)
[Im, In]q = [Im, Tn]q = [Tm, Gn]q = [Tm, Tn]q = [Gm, Gn]q = 0.(1.14)
Let α be an even linear map on Aq defined on the generators by
αq(Ln) = (1 + q
n)Ln, αq(In) = (1 + q
n)In,
αq(Tn) = (1 + q
n+1)Gn, αq(Tn) = (1 + q
n+1)Tn.
Proposition 1.7. The triple (Aq, [·, ·]q, αq) is a Hom-Lie superalgebra, called the q-deformed Heisenberg-
Virasoro superalgebra of Hom-type.
Proof. We just check
(1.15) 	X,Y,Z (−1)
|X||Z|[αq(X), [Y, Z]q]q = 0, ∀ X, Y, Z ∈ H(Aq).
Let Lm, Lr, In, Gk, Tl be a homogeneous elements of Aq, then we have
	Lm,In,Gk (−1)
|Lm||Gk|[αq(Lm), [In, Gk]q]q
= 	Lm,In,Gk [αq(Lm), [In, Gk]q]q
= [αq(Lm), [In, Gk]q]q + [αq(In), [Gk, Lm]q]q + [αq(Gk), [Lm, In]q]q
= (1 + qm)[Lm, [In, Gk]q]q + (1 + q
n)[In, [Gk, Lm]q]q + (1 + q
k+1)[Gk, [Lm, In]q]q
=
(
− (1 + qm){n}{n+ k + 1}+ (1 + qn)({k + 1} − {m}){n}+ (1 + qk+1){n}{m+ n}
)
Tm+n+k
= 0,
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and
	Lm,Lr,Tl (−1)
|Lm||Tl|[αq(Lm), [Lr, Tl]q]q
= 	Lm,Lr,Tl [αq(Lm), [Lr, Tl]q]q
= [αq(Lm), [Lr, Tl]q]q + [αq(Lr), [Tl, Lm]q]q + [αq(Tl), [Lm, Lr]q]q
= (1 + qm)[Lm, [Lr, Tl]q]q + (1 + q
r)[Lr, [Tl, Lm]q]q + (1 + q
l+1)[Tl, [Lm, Lr]q]q
=
(
(1 + qm){l + 1}{r+ l + 1} − (1 + qr){l+ 1}{m+ l + 1} − (1 + ql+1)({m} − {r}){l}
)
Tm+n+l
= 0.
By the same calculation we can proof the other equality. This ends the proof. 
2. Cohomology of Hom-Leibniz superalgebras
In the following we define a cohomology of Hom-Leibniz superalgebras and describe the cohomology space
H20 (Aq,C) of q-deformed Heisenberg-Virasoro superalgebra Aq with trivial representation.
2.1. Definitions. Let (A, [·, ·], α) be a Hom-Leibniz superalgebra and (V, [·, ·]V , β) be a representation
of (A, [·, ·], α).
Definition 2.1. A n-hom-cochain on A with values in V is defined to be an n-cochain ϕ ∈ Cn(A, V )
such that it is compatible with α and β in the sense that β ◦ ϕ = ϕ ◦ α⊗n, i.e.
β ◦ ϕ(x1, ..., xn) = ϕ(α(x1), ..., α(xn)).(2.1)
We denote by Cnα,β(A, V ) the set of n-hom-cochains: C
n
α,β(A,M) = {ϕ ∈ C
n(A, V ) : β ◦ ϕ = ϕ ◦ α⊗n}.
Let x1, ..., xk be k homogeneous elements of A. We denote by |(x1, ..., xk)| = |x1| + ... + |xk| ( mod 2)
the parity of an element (x1, ..., xk) in H(Ak).
A n-hom-cochain ϕ is called even (resp. odd) when we have ϕ(x1, ..., xk) ∈ V0 (resp. ϕ(x1, ..., xk) ∈ V1)
for all even (resp odd ) element (x1, ..., xk) ∈ H(Ak).
Definition 2.2. We define a map δn : Cn(A, V ) −→ Cn+1(A, V ) by setting
δn(f)(x1, ..., xn+1)(2.2)
=
[
αn−1(x1), ϕ(x2, ..., xn+1)
]
+
n+1∑
i=2
(−1)i+|xi|(|ϕ|+|xi+1|+...+|xn+1|)
[
ϕ(x1, ..., x̂i, ..., xn+1), α
n−1(xi)
]
+
∑
1≤i<j≤n+1
(−1)j+1+|xj |(|xi+1|+...+|xj−1|)ϕ
(
α(x1), ..., α(xi−1), [xi, xj ], α(xi+1), ..., x̂j , ..., α(xn+1)
)
In the sequel we assume that the Hom-Leibniz superalgebra (A, [·, ·], α) is multiplicative.
Lemma 2.3. With the above notations, for any ϕ ∈ Cnα,β(A, V ), we have
δn(ϕ) ◦ α = β ◦ δn(ϕ).
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Proof. Let ϕ ∈ Cnα,β(A, V ) and (x1, ..., xn+1) ∈ H(A
n+1).
δn(ϕ) ◦ α
(
x1, ..., xn+1
)
= δn(f)
(
α(x1), ..., α(xn+1)
)
=
[
αn(x1), ϕ
(
α(x2), ..., α(xn+1)
)]
+
n+1∑
i=2
(−1)i+|xi|(|ϕ|+|xi+1|+...+|xn+1|)
[
ϕ(α(x1), ..., x̂i, ..., α(xn+1)), α
n(xi)
]
+
∑
1≤i<j≤n+1
(−1)j+1+|xj |(|xi+1|+...+|xj−1|)ϕ
(
α2(x1), ..., α
2(xi−1), [α(xi), α(xj)], α
2(xi+1), ..., x̂j , ..., α
2(xn+1)
)
=
[
αn(x1), ϕ ◦ α(x2, ..., xn+1)
]
+
n+1∑
i=2
(−1)i+|xi|(|ϕ|+|xi+1|+...+|xn+1|)
[
ϕ ◦ α(x1, ..., x̂i, ..., xn+1), α
n(xi)
]
+
∑
1≤i<j≤n+1
(−1)j+1+|xj |(|xi+1|+...+|xj−1|)ϕ ◦ α
(
α(x1), ..., α(xi−1), [xi, xj ], α(xi+1), ..., x̂j , ..., α(xn+1)
)
= β ◦
[
αn−1(x1), ϕ(x2, ..., xn+1)
]
+
n+1∑
i=2
(−1)i+|xi|(|ϕ|+|xi+1|+...+|xn+1|)β ◦
[
ϕ(x1, ..., x̂i, ..., xn+1), α
n−1(xi)
]
+
∑
1≤i<j≤n+1
(−1)j+1+|xj |(|xi+1|+...+|xj−1|)β ◦ ϕ
(
α(x1), ..., α(xi−1), [xi, xj ], α(xi+1), ..., x̂j , ..., α(xn+1)
)
= β ◦ δn(ϕ)
(
x1, ..., xn+1
)
which completes the proof. 
Theorem 2.4. Let (A, [., .], α) be a Hom-Leibniz superalgebra and (V, β) be an A-module. Then the pair
(
⊕
n≥0 C
n
α,β , δ
n) is a cohomology complex, that is the maps δn satisfy δn+1 ◦ δn = 0, ∀ n ≥ 1.
Proof. Let n = 1. Since
δ1(ϕ)(x1, x2) = [x1, ϕ(x2)] + (−1)
|x2||ϕ|[ϕ(x1), x2]− ϕ([x1, x2]).
and
δ2(ϕ)(x1, x2, x3)
= [α(x1), ϕ(x2, x3)] + (−1)
|x2|(|ϕ|+|x3|)[ϕ(x1, x3), α(x2)]− (−1)
|x3||ϕ|[ϕ(x1, x2), α(x3)]
− ϕ([x1, x2], α(x3)) + (−1)
|x2||x3|ϕ([x1, x3], α(x2)) + ϕ(α(x1), [x2, x3]),
then
δ2 ◦ δ1(ϕ)(x1, x2, x3)
= [α(x1), δ
1(ϕ)(x2, x3)] + (−1)
|x2|(|ϕ|+|x3|)[δ1(ϕ)(x1, x3), α(x2)]− (−1)
|x3||ϕ|[δ1(ϕ)(x1, x2), α(x3)]
− δ1(ϕ)([x1, x2], α(x3)) + (−1)
|x2||x3|δ1(ϕ)([x1, x3], α(x2)) + δ
1(ϕ)(α(x1), [x2, x3])
= [α(x1), [x2, ϕ(x3)]] + (−1)
|x3||ϕ|[α(x1), [ϕ(x2), x3]]− [α(x1), ϕ([x2, x3])] + (−1)
|x2|(|ϕ|+|x3|)[[x1, ϕ(x3)], α(x2)]
+ (−1)|x2|(|ϕ|+|x3|)+|ϕ||x3|[[ϕ(x1), x3], α(x2)]− (−1)
|x2|(|ϕ|+|x3|)[ϕ([x1, x3]), α(x2)]− (−1)
|x3||ϕ|[[(x1, ϕ(x2)], α(x3)]
− (−1)|ϕ|(|x2|+|x3|)[[ϕ(x1), x2], α(x3)] + (−1)
|x3||ϕ|[ϕ([x1, x2]), α(x3)]− [[x1, x2], ϕ(α(x3))]
− (−1)|x3||ϕ|[ϕ([x1, x2]), α(x3)] + ϕ([[x1, x2], α(x3)]) + (−1)
|x2||x3|[[x1, x3], ϕ(α(x2))]
+ (−1)|x2||x3|+|x2||ϕ|[ϕ([x1, x3]), α(x2)]− (−1)
|x2||x3|ϕ([[x1, x3], α(x2)]) + [α(x1), ϕ([x2, x3])]
+ (−1)|ϕ|(|x2|+|x3|)[ϕ(α(x1)), [x2, x3]]− ϕ([α(x1), [x2, x3]]).
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Since ϕ ◦ α = β ◦ ϕ and
• ϕ([[x1, x2], α(x3)])− ϕ([α(x1), [x2, x3]]) + (−1)
|x2||x3|ϕ([[x1, x3], α(x2)])
= ϕ([[x1, x2], α(x3)])− [α(x1), [x2, x3]]) + (−1)
|x2||x3|[[x1, x3], α(x2)]) = 0,
• (−1)|ϕ|(|x2|+|x3|)[β(ϕ(x1)), [x2, x3]] + (−1)
|x2|(|ϕ|+|x3|)+|ϕ||x3|[[ϕ(x1), x3], α(x2)]
−(−1)|ϕ|(|x2|+|x3|)[[ϕ(x1), x2], α(x3)] = 0,
• (−1)|x2||x3|[[x1, x3], β(ϕ(x2))] + (−1)
|x3||ϕ|[α(x1), [ϕ(x2), x3]]− (−1)
|x3||ϕ|[[(x1, ϕ(x2)], α(x3)] = 0,
• [α(x1), [x2, ϕ(x3)]] + (−1)
|x2|(|ϕ|+|x3|)[[x1, ϕ(x3)], α(x2)]− [[x1, x2], β(ϕ(x3))] = 0,
we have δ2 ◦ δ1(ϕ)(x1, x2, x3) = 0. Our conclusion holds.
In general, to prove δn+1 ◦ δn = 0 for n ≥ 2, we proceed by induction. Suppose
δn+1 ◦ δn(x1, ..., xn+2) = X1 +X2 +X3 +X4 +X5 +X6 +X7,
where
⋆) X1 = [α
n(x1), [α
n−1(x2), ϕ(x3, ..., xn+2)]]
+
∑
3≤i≤n+2
(−1)i+1+|xi|(|ϕ|+|xi+1|+...+|xn+2|)[αn(x1), [ϕ(x2, ..., x̂i, ..., xn+2), α
n−1(xi)]]
+
∑
2≤i≤n+2
(−1)i+|xj |(|xi+1|+...+|xj−1|)[αn−1(xi), [ϕ(x1, ..., x̂i, ..., xn+2), α
n(xi)]]
+
∑
3≤i<j≤n+2
(−1)i+j+|xi|(|ϕ|+|xi+1|+...+|x̂j|+...+|xn+2|)[[ϕ(x1, ..., x̂i, ..., x̂j , ..., xn+2), α
n−1(xi)], α
n(xj)]
−
∑
3≤i<j≤n+2
(−1)i+j+|xj |(|ϕ|+|xj+1|+...+|xn+2|)[[ϕ(x1, ..., x̂i, ..., x̂j , ..., xn+2), α
n−1(xj)], α
n(xi)],
⋆) X2 =
∑
2≤i<j≤n+2
(−1)|xj|(|xi+1|+...+|xj−1|)[αn(x1), ϕ(α(x2), ..., [xi, xj ], ..., x̂j , ..., α(xn+2)), α
n−1(xi)]
+
∑
2≤i<j<k≤n+2
(−1)|xk|(|xk+1|+...+|xn+2|)[ϕ(α(x1), ..., [xi, xj ], ..., x̂j , ..., x̂k, ..., α(xn+2)), α
n(xk)]
+
∑
2≤i<j<k≤n+2
(−1)|xk|(|ϕ|+|xk+1|+...+|xn+2|)[ϕ(α(x1), ..., x̂i, ..., [xj , xk], ..., x̂k, ..., α(xn+2)), α
n(xi)]
+
∑
2≤i<j<k≤n+2
(−1)|xj|(|ϕ|+|xj+1|+...+|x̂k|+...+|xn+2|)[ϕ(α(x1), ..., [xi, xk], ..., x̂j , ..., x̂k, ..., α(xn+2)), α
n(xj)],
⋆) X3 =
∑
2≤i≤n+2
(−1)i+1+|xi|(|ϕ|+|x2|+...+|xi−1|)[[αn−1(x1), α
n−1(xi)], ϕ(α(x2), ..., x̂i, ..., x̂j , ..., α(xn+2))]
+
∑
2≤i<j≤n+2
(−1)i+j+1+(|xi|+|xj|)(|ϕ|+|xi+1|+...+|x̂j|+...+|xn+2|)
[ϕ(α(x1), ..., x̂i..., x̂j , ..., α(xn+2)), [α
n−1(xi), α
n−1(xj)]],
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⋆) X4 =
∑
1≤i<j<k≤n+2
(−1)j+k+1+(|xj |+|xk|)(|xk−1|+...+|x̂j|+...+|xi+1|)
ϕ(α2(x2), ..., [[xi, xj ], α(xk)], ..., x̂j , ..., x̂k, ..., α
2(xn+2))]
−
∑
1≤i<j<k≤n+2
(−1)j+k+1+(|xj |+|xk|)(|xk−1|+...+|x̂j|+...+|xi+1|)
ϕ(α2(x1), ..., [α(xi), [xj , xk]], ..., x̂j ..., x̂k, ..., α
2(xn+2))
−
∑
1≤i<j<k≤n+2
(−1)j+k+1+(|xj |+|xk|)(|xk−1|+...+|x̂j|+...+|xi+1|)
ϕ(α2(x1), ..., [[xi, xk], α(xj)]], ..., x̂j ..., x̂k, ..., α
2(xn+2)),
⋆) X5 =
∑
1≤i<j<k≤n+2
(−1)|xk|(|xj+1|+...+|xk−1|)+|xi|(|x2|+...+|xi−1|)
ϕ([α(x1), α(xi)], α
2(x2), ..., α̂(xi), ..., [α(xj), α(xk)], ..., α̂(xk), ..., α
2(xn+2))
+
∑
1≤i<j<k≤n+2
(−1)|xk|(|xk−1|+...+|x̂j|+...+|xi+1|)+|xj|(|x2|+...+|[xi,xk]|+...+|xj−1|)
ϕ([α(x1), α(xj)], α
2(x2), ..., [α(xi), α(xk)], ..., α̂(xj)..., α̂(xk), ..., α
2(xn+2))
+
∑
1≤i<j<k≤n+2
(−1)|xj|(|xi+1|+...+|xj−1|)+|xk|(|x2|+...+|[xi,xj]|+...+|xk−1|)
ϕ([α(x1), α(xk)], α
2(x2), ..., [α(xi), α(xj)], ..., α̂(xj)..., α̂(xk), ..., α
2(xn+2))
+
∑
1≤i<j<k<l≤n+2
(−1)|xl|(|xj+1|+...+|xl−1|)ϕ(α2(x1), ..., [xi, xk], ..., [xj , xl], ..., x̂l..., α
2(xn+2))
+
∑
1≤i<j<k<l≤n+2
(−1)|xl|(|xl−1|+...+|x̂k|+...+|xj+1|)+|xk|(|xk−1|+...+|[xj,xl]|+...+|xi+1|)
ϕ(α2(x1), ..., [xi, xk], ..., [xj , xl], ..., x̂k, ..., x̂l..., α
2(xn+2))
+
∑
1≤i<j<k<l≤n+2
(−1)|xl|(|xl−1|+...+|x̂k|+...+|xi+1|)+|xk|(|xk−1|+...+|xj+1|)
ϕ(α2(x1), ..., [xi, xl], ..., [xj , xk], ..., x̂k, ..., x̂l..., α
2(xn+2)).
In addition, X6 = −X2, X7 = −X5. By (1.6) and (2.1), we can easily check that X1 + X3 = 0 and
X4 = 0. Thus
δn+1 ◦ δn(x1, ..., xn+2) = 0,
that is, δn+1 ◦ δn = 0 for n ≥ 2. This completes the proof of this Theorem. 
Definition 2.5. Let (A, [., .], α) be a Hom-Leibniz superalgebra and (V, β) be an A-module. Then we
define
(1) The p-cocycle space
Zpα,β(A, V ) = Ker d
p = {ϕ ∈ Cpα,β(A, V )/d
pϕ = 0}
(2) The p-cobord space
Bpα,β(A, V ) = Im d
p−1 = {ϕ ∈ Cpα,β(A, V )/∃ψ ∈ C
p−1
α,β (A, V ), ϕ = d
p−1ψ}
Remark 2.6.
(1) The p-cocycle Zpα,β(A, V ) space is Z2-graded. The even (resp. odd) p-cocycles space is defined
as Zpα,β,0(A, V ) = Z
p
α,β(A, V ) ∩ C
p
α,β,0(A, V ) (resp. Z
p
α,β,1(A, V ) = Z
p
α,β(A, V ) ∩ C
p
α,β,1(A, V )).
(2) The p-cobord Bpα,β(A, V ) space is Z2-graded. The even (resp. odd) p-cobords space is defined as
Bpα,β,0(A, V ) = B
p
α,β(A, V ) ∩ C
p
α,β,0(A, V ) (resp. B
p
α,β,1(A, V ) = Z
p
α,β(A, V ) ∩B
p
α,β,1(A, V )).
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Lemma 2.7. Zpα,β(A, V ) ⊂ B
p
α,β(A, V )
Definition 2.8. The pth cohomology space is the quotient Hp(A, V ) =
Z
p
α,β
(A,V )
B
p
α,β
(A,V )
. It decomposes as well
as even and odd pth cohomology spaces. We denote Hp(A, V ) = Hp0 (A, V )
⊕
Hp1 (A, V ).
2.2. Second cohomology group of q-deformed Heisenberg-Virasoro superalgebra of Hom-
type H20 (Aq,C). We denote by [ϕ] the cohomology class of an element ϕ.
Theorem 2.9. H20 (Aq,C) = C[φ]⊕ C[ϕ]⊕ C[ψ], where
φ(Ln, Lm) = δn+m,0
q−n
6(1 + qn)
{n+ 1}{n}{n− 1},(2.3)
φ(Ln, Im) = φ(In, Im) = φ(Gn, Gm) = φ(Gn, Tm) = φ(Tn, Tm) = 0.
ϕ(Ln, Im) = δn+m,0
2q−n
(1 + qn)
{n+ 1}{n},(2.4)
ϕ(Ln, Lm) = ϕ(In, Im) = ϕ(Gn, Gm) = ϕ(Gn, Tm) = ϕ(Tn, Tm) = 0.
ψ(In, Im) = δn+m,0
2qm
(1 + qm)
{n},(2.5)
ψ(Ln, Lm) = ψ(In, Im) = ψ(Gn, Gm) = ψ(Gn, Tm) = ψ(Tn, Tm) = 0.
Proof. For all ϕ ∈ C2α,IdC(Aq,C), we have
(2.6) d2(ϕ)(x0, x1, x2) = −ϕ([x0, x1], α(x2)) + (−1)
|x2||x1|ϕ([x0, x2], α(x1)) + ϕ(α(x0), [x1, x2]).
Now, suppose that ϕ is a q-deformed 2-cocycle on Aq. From (2.6), we obtain
(2.7) − ϕ([x0, x1], α(x2)) + (−1)
|x2||x1|ϕ([x0, x2], α(x1)) + ϕ(α(x0), [x1, x2]) = 0.
In [5, 36] By (2.7) and taking the triple (x, y, z) to be (Ln, Lm, Lp), (Ln, Lm, Ip), (Ln, Im, Ip), , and
(Ln, Gm, Gp), respectively, we obtain ϕ(Ln, Lp), ϕ(Ln, Ip), ϕ(In, Ip), and ϕ(Gn, Gp) which define ϕ.
Then we have
ϕ(In, Ip) = δn+p,0
(q + 1){n+ 1}
qn + 1
ϕ(I1, I−1)
ϕ(Ln, Ip) = δn+p,0
(
−
q−n(q + 1)(qn − 1)(qn − q2)
(q − 1)2(qn + 1)
ϕ(L1, I−1)
+
q1−n(q2 + 1)(qn − 1)(qn − q)
(q − 1)2(q + 1)(qn + 1)
ϕ(L1, I−1)
)
ϕ(Ln, Lp) = δn+p,0
(
−
A
B
ϕ(L1, L−1) +
A′
B′
ϕ(L1, L−1)
)
ϕ(Gn, Gp) = 0.
Now taking the triple (x, y, z) to be (Ln, Tm, Tp) and (Ln, Tm, Tp) in (2.7) to obtain ϕ(Tn, Tp), and
ϕ(Gn, Tp).
• For (x, y, z) = (Ln, Gm, Tp)
(2.8) − ϕ([Lm, Tn], α(Tp))− ϕ([Lm, Tp], α(Tn)) + ϕ(α(Lm), [Tn, Tp]) = 0.
Thus
(2.9) − (1 + qp+1){n+ 1}ϕ(Tm+n, Tp)− (1 + q
n+1){p+ 1}ϕ(Tm+p, Tn) = 0.
Taking m = 0
2
qp+1 − qn+1
1− q
ϕ(Tp, Tn) = 0.
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Thus ϕ(Tn, Tp) = 0 for all n 6= p.
Taking n = 0 and m = p in (2.9)
(1 + qm+1)ϕ(Tm, Tm) = −(1 + q){m+ 1}ϕ(T2m, T0).
which implies that ϕ(Tm, Tm) = 0 for all m 6= 0.
Taking n = 0 and m = −p in (2.9), we have ϕ(T0, T0) = 0. Thus ϕ(Tn, Tm) = 0 for all n, m ∈ Z.
• For (x, y, z) = (Ln, Gm, Tp)
(2.10) − ϕ([Lm, Gn], α(Tp))− ϕ([Lm, Tp], α(Gn)) + ϕ(α(Lm), [Gn, Tp]) = 0.
Thus
(2.11) (1 + qp+1)({m} − {n+ 1})ϕ(Gm+n, Tp)− (1 + q
n+1){p+ 1}ϕ(Tm+p, Gn) = 0.
Similarly we can prove that ϕ(Gn, Tm) = 0 for all n, m ∈ Z.
We denote by f the even linear map defined on A by
f(Ln) = −
1
{n}
ϕ(L0, Ln), if n 6= 0, f(L0) = −
q
1 + q
ϕ(L1, L−1),
f(In) = −
1
{n}
ϕ(L0, In), if n 6= 0, f(I0) = −qϕ(L1, I−1),
f(Gn) = −
1
{n+ 1}
ϕ(L0, Gn), if n 6= −1, f(G−1) = −
q
1 + q
ϕ(L1, G−2),
f(Tn) = −
1
{n+ 1}
ϕ(L0, In), if n 6= −1, f(T−1) = −qϕ(L1, T−2).
It is easy to verify that
δ1(f)(Ln, Lm) =
{n} − {m}
{n+m}
ϕ(L0, Ln+m), if n+m 6= 0, δ
1(f)(Ln, L−n) = 0,
δ1(f)(Ln, Im) =
{n}
{n+m}
ϕ(L0, Ln+m), if n+m 6= 0, δ
1(f)(Ln, I−n) = 0,
δ1(f)(In, Im) = δ
1(f)(Gn, Gm) = δ
1(f)(Gn, Tm) = δ
1(f)(Tn, Tm) = 0.

3. Derivations of the Hom-Lie superalgebra Aq
In this section we compute the derivations of q-deformed Heisenberg-Virasoro superalgebra of Hom-type
Aq and its q-derivation. A homogeneous α
k-derivation is said of degree s if there exists s ∈ Z such that for
all n ∈ Z we have D(< Ln >) ⊂< Ln+s >. The corresponding subspace of homogeneous αk-derivations
of degree s is denoted by Ders
αk,i
(Aq)(i ∈ Z2).
It easy to check that Ders
αk
(Aq) = ⊕s∈Z
(
Ders
αk,0(Aq)⊕Der
s
αk,1(Aq)
)
.
Let D be a homogeneous αk-derivation
D([x, y]) = [D(x), αk(y)] + (−1)|x||D|[αk(x), D(y)], ∀ x, y ∈ H(Aq).
We deduce that
(3.1) ({m} − {n})D(Ln+m) = (1 + q
m)k[D(Ln), Lm]q + (1 + q
n)k[Ln, D(Lm)]q,
(3.2) ({m+ 1} − {n})D(In+m) = (1 + q
m)k[D(Ln), Gm]q + (1 + q
n)k[Ln, D(Lm)]q,
(3.3) ({m+ 1} − {n})D(Gn+m) = (1 + q
m)k[D(Ln), Gm]q + (1 + q
n)k[Ln, D(Lm)]q,
and
(3.4) ({m+ 1} − {n})D(Tn+m) = (1 + q
m)k[D(Ln), Gm]q + (1 + q
n)k[Ln, D(Lm)]q, ∀ n,m ∈ Z.
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3.1. The α0-derivation of the Hom-Lie superalgebra Aq.
Proposition 3.1. The set of even α0-derivations of the Hom-Lie superalgebra Aq is
Derα0,0(Aq) =< D1 > ⊕ < D2 > ⊕ < D3 > ⊕ < D4 >
where D1, D2, D3 and D4 are defined, with respect to the basis as
D1(Ln) = nLn, D1(In) = −q{n− 1}Ln + nIn, D1(Gn) = 0, D1(Tn) = nTn,(3.5)
D2(In) = In, D2(Ln) = D2(Gn) = D2(Tn) = 0,(3.6)
D3(Gn) = Gn, D3(Ln) = D3(Ln) = D3(Tn) = 0,(3.7)
D4(Tn) = Tn, D4(Ln) = D4(Gn) = D4(In) = 0.(3.8)
Proof. Let D ba an even derivation of degree s:
D(Ln) = as,nLs+n + bs,nIs+n, D(In) = cs,nLs+n + ds,nIs+n,(3.9)
D(Gn) = es,nGs+n + fs,nTs+n, D(Tn) = gs,nGs+n + hs,nTs+n.
as,n = δs,0nas,1 and es,n = δs,0es,0 (See [4]).
By (3.1) and (3.9), we have
({m} − {n})bs,m+n = {s+m}bs,m − {s+ n}bs,n.
We deduce that
(qn − qm)bs,m+n = (1− q
s+m)bs,m − (1− q
s+n)bs,n.
If m = 0, we have
(qn − 1)bs,n = (1− q
s)bs,0 − (1 − q
s+n)bs,n.
If s 6= 0, we have
bs,n =
1
qn
bs,0.
We deduce that
(qn − qm)
1
qn+m
bs,0 = (1− q
s+m)
1
qm
bs,0 + (q
s+n − 1)
1
qn
bs,0.(3.10)
Taking n = 2s and m = 2s we have bs,0 = 0, so bs,n = 0 .
If s = 0 then bs,n = 0.
Similarly we can prove that
cs,n = −δs,0q{n− 2}cs,1,
ds,n = δs,0(nas,1 + ds,1),
fs,n = 0,
gs,n = −δs,0q{n− 1}gs,0,
hs,n = δs,0(nas,1 + hs,0).
Proposition 3.2. The set of odd α0-derivations of the Hom-Lie superalgebra Aq is
Derα0,1(Aq) =< D1 > ⊕ < D2 > ⊕ < D3 > ⊕ < D4 >
where D1, D2, D3 and D4 are defined, with respect to the basis as
D1(Ln) = nGn−1, D1(In) = nTn−1, D1(Gn) = D1(Tn) = 0,(3.11)
D2(Gn) =
qn − 1
qn
In+1, D2(Ln) = D2(In) = D2(Tn) = 0,(3.12)
D3(Tn) = −q{n− 1}Ln+1, D3(Ln) = D3(In) = D3(Gn) = 0,(3.13)
D4(Tn) = In+1, D4(Ln) = D4(Gn) = D4(In) = 0.(3.14)
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Let D be an odd derivation of degree s:
D(Ln) = as,nGs+n + bs,nTs+n, D(In) = cs,nGs+n + ds,nTs+n,(3.15)
D(Gn) = es,nLs+n + fs,nIs+n, D(Tn) = gs,nLs+n + hs,nIs+n.
as,n = δs,−1nas,1 and es,n = 0 (See [4]).
By (3.1) and (3.15) we have
({m} − {n})bs,m+n = {s+m+}bs,m − {s+ n+ 1}bs,n.
We deduce that
(qn − qm)bs,m+n = (1− q
s+m+1)bs,m − (1 − q
s+n+1)bs,n.
If m = 0, we have
(qn − 1)bs,n = (1 − q
s+1)bs,0 − (1− q
s+n+1)bs,n.
If s 6= −1, we have
bs,n =
1
qn
bs,0.
We deduce that
(3.16) (qn − qm)
1
qn+m
bs,0 = (1− q
s+m+1)
1
qm
bs,0 + (q
s+n+1 − 1)
1
qn
bs,0
Taking n = 2s+ 2 and m = s+ 1, we have bs,0 = 0, so bs,n = 0.
If s = −1 and n 6= m, we have
b−1,m+n =
1− qm
qn − qm
b−1,m −
1− qn
qn − qm
b−1,n.
If m = 1, n = 4, then
b−1,5 =
1− q
q4 − q
b−1,1 −
1− q4
q4 − q
b−1,4.(3.17)
If m = 1, n = 3, then
b−1,4 =
1− q
q3 − q
b−1,1 −
1− q3
q3 − q
b−1,3.(3.18)
If m = 1, n = 2, then
b−1,3 =
1− q
q2 − q
b−1,1 −
1− q2
q2 − q
b−1,2(3.19)
=
−1
q
b−1,1 +
1 + q
q
b−1,2.
Thus, using (3.17), (3.18) and (3.19), we have
b−1,5 =
1− q
q4 − q
b−1,1 −
1− q4
q4 − q
b−1,4
=
1− q
q4 − q
b−1,1 −
1− q4
q4 − q
(
1− q
q3 − q
b−1,1 −
1− q3
q3 − q
b−1,3)
...
= 0.
12 K.ABDAOUI, S. MABROUK AND A. MAKHLOUF
So b−1,n = 0, then, for all s, n, bs,n = 0.
Similarly we can prove that
cs,n = 0,
ds,n = δs,−1nas,1,
fs,n = δs,1
qn − 1
qn
fs,0,
gs,n = −δs,1q{n− 1}gs,0,
hs,n = δs,1hs,0.

3.2. The α1-derivation of Hom-Lie superalgebra Aq.
Proposition 3.3. If D is an α-derivation then D = 0.
Proof. Case 1: |D| = 0
Let D be an even derivation of degree s:
D(Ln) = as,nLs+n + bs,nIs+n, D(In) = cs,nLs+n + ds,nIs+n,(3.20)
D(Gn) = es,nGs+n + fs,nTs+n, D(Tn) = gs,nGs+n + hs,nTs+n.
By (3.1) and (3.20) we have
({m} − {n})as,n+m = (1 + q
m)({m} − {s+ n})as,n + (1 + q
n)({s+m} − {n})as,m,
({m} − {n})bs,n+m = (1 + q
n){s+m}as,m − (1 + q
m){s+ n}bs,n.
We deduce that
(qn − qm)as,n+m = (1 + q
m)(qs+n − qm)as,n + (1 + q
n)(qn − qs+m)as,m,
(qn − qm)bs,n+m = (1 + q
n)(1− qs+m)as,m − (1 + q
m)(1− qs+n)bs,n.
Then as,n = 0 and bs,n = 0, so D(Ln) = 0.
By (3.2) and (3.20) we have
{n}cs,n+m = (1 + q
m)({n} − {m})cs,n,
{n}ds,n+m = (1 + q
m){s+ n}ds,m + (1 + q
n){n}as,m.
We deduce that
(1− qn)cs,n+m = (1 + q
m)(qm − qn)cs,n,
(1 − qn)ds,n+m = (1 + q
m)(1− qs+n)ds,m + (1 + q
n)(1 − qn)as,m.
Then cs,n = 0 and ds,n = 0, so D(In) = 0.
Similarly we have D(Gn) = D(Tn) = 0. Hence D ≡ 0.
Case 2: |D| = 1
Let D be an odd derivation of degree s:
D(Ln) = as,nGs+n + bs,nTs+n, D(In) = cs,nGs+n + ds,nTs+n,(3.21)
D(Gn) = es,nLs+n + fs,nIs+n, D(Tn) = gs,nLs+n + hs,nIs+n.
By (3.1) and (3.21) we have
({m} − {n})as,m+n = (1 + q
n)({s+m+ 1} − {n})as,m + (1 + q
m)({m} − {s+ n+ 1})as,n,
({m} − {n})bs,m+n = (1 + q
n){s+m+ 1}bs,m − (1 + q
m){s+ n+ 1}bs,n.
Then if m 6= n, we have
as,m+n =
(1 + qn)(qn − qs+m+1)
qn − qm
as,m −
(1 + qm)(qm − qs+n+1)
qn − qm
as,n,
bs,m+n =
(1 + qn)(1− qs+m+1)
qn − qm
bs,m −
(1 + qm)(1 − qs+n+1)
qn − qm
bs,n.
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If m = 0, we have
as,n =
(1 + qn)(qn − qs+1)
1 + qn − 2qs+n+1
as,0,
bs,n =
(1 + qn)(1 − qs+1)
2qs+n+1 − 1
bs,0.
So
as,m+n =
(1 + qm+n)(qm+n − qs+1)
1 + qm+n − 2qs+m+n+1
as,0,
bs,m+n =
(1 + qm+n)(1 − qs+1)
2qs+m+n+1 − 1
bs,0.
Then
(1 + qm+n)(qm+n − qs+1)
1 + qm+n − 2qs+m+n+1
as,0 =
(1 + qn)(qn − qs+m+1)(1 + qm)(qm − qs+1)
(qn − qm)(1 + qm+n − 2qs+m+n+1)
as,0
−
(1 + qm)(qm − qs+n+1)(1 + qn)(qn − qs+1)
(qn − qm)(1 + qn − 2qs+n+1)
as,0
and
(1 + qm+n)(1− qs+1)
2qs+m+n
bs,0 =
(1 + qn)(1 − qs+m+1)(1 + qm)(1− qs+1)
(qn − qm)(2qs+m+1 − 1)
bs,0
−
(1 + qm)(1 − qs+n+1)(1 + qn)(1 − qs+1)
(qn − qm)(2qs+n+1 − 1)
bs,0.
If q ∈ [0, 1[, then letting n,m −→∝, we obtain as,0 = 0 and bs,0 = 0. If q > 1 and setting m = s, then if
n goes to infinity we obtain as,0 = 0 and bs,0 = 0. We deduce that D(Ln) = 0.
By (3.2) and D(In) = cs,nGs+n + ds,nTs+n, we obtain
{n}cs,m+n = (1 + q
m)({s+ n+ 1} − {m})cs,n,
{n}ds,m+n = (1 + q
m){s+ n+ 1}ds,n + (1 + q
n){n}as,m.
If n 6= 0, we have
cs,m+n =
(1 + qm)(qm − qs+n+1)
1− qn
cs,n,
ds,m+n =
(1 + qm)(1 − qs+n+1)
1− qn
ds,n + (1 + q
n)as,m.
If m = 0, we have
(2qs+n+1 − qn − 1)cs,n = 0,
ds,n =
2(1− qs+n+1)
1− qn
ds,n + (1 + q
n)as,0.
Since as,0 = 0, so cs,n = 0 and ds,n = 0. We deduce that D(In) = 0.
By (3.3) and (3.21), we deduce that D(Gn) = 0 and by (3.4) and (3.21), we have D(Tn) = 0, hence
D ≡ 0. 
3.3. The q-derivation of the Hom-Lie superalgebra Aq. In this section, we study the q-derivations
of Aq. The derivation algebra of Aq is denoted by QDerAq. Since Aq is Z2-graded Hom-Lie superalgebra,
we have
QDerAq = ⊕s∈Z(QDerAq)0,s ⊕ (QDerAq)1,s,
where (QDerAq)0 denotes the set of even derivations of Aq, and (QDerAq)1 denotes the set of odd
derivations of Aq
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Definition 3.4. Let ϕ : Aq → Aq a linear map, then ϕ is called an even q-derivation (resp. an odd
q-derivation) if
(3.22) ϕ([x, y]q) =
1
1 + qs
(
[ϕ(x), αq(y)]q + [αq(x), ϕ(y)]q
)
(3.23) (resp. ϕ([x, y]q) =
1
1 + qs+1
(
[ϕq(x), αq(y)]q + (−1)
|x|[αq(x), ϕ(y)]q)
)
.
where x, y are homogeneous elements in Aq.
For a fixed a ∈ (Aq)i, we obtain the following q-derivation
ϕ : Aq −→ Aq
x 7−→ [a, x].
The map is denoted by ada and is called the inner q-derivation.
Proposition 3.5. If ϕ is an even q-derivation of degree s 6= 0 then it is an inner derivation, more
precisely:
(QDerAq)0,s =< adLs + adIs > .
Proof. Let ϕ be an even q-derivation of degree s 6= 0:
ϕ(Ln) = as,nLs+n + bs,nIs+n, ϕ(In) = cs,nLs+n + ds,nIs+n,(3.24)
ϕ(Gn) = es,nGs+n + fs,nTs+n, ϕ(Tn) = gs,nGs+n + hs,nTs+n.
By (1.9) and (3.24), we have
{n}ϕ(Ln) = ϕ([Ln, L0]q)
=
1
1 + qs
(
[ϕ(Ln), αq(L0)]q + [αq(Ln), ϕ(L0)]q
)
=
1
1 + qs
(
[as,nLs+n + bs,nIs+n, 2L0]q + [(1 + q
n)Ln, as,0Ls + bs,0Is]q
)
=
(1 + qn
1 + qs
({n} − {s})as,0 +
2
1 + qs
{s+ n}as,n
)
Ls+n +
( 2
1 + qs
{s+ n}bs,n −
1 + qn
1 + qs
{s}bs,0
)
Is+n,
then
{n}as,n =
1 + qn
1 + qs
({n} − {s})as,0 +
2
1 + qs
{s+ n}as,n,
{n}bs,n =
2
1 + qs
{s+ n}bs,n −
1 + qn
1 + qs
{s}bs,0.
We deduce that, as,n =
qs−qn
qs−1 as,0 and bs,n = bs,0. Moreover,
as,0
{s}
adLs(Ln) +
bs,0
{s}
adIs(Ln) =
as,0
{s}
[Ls, Ln]q +
bs,0
{s}
[Is, Ln]q
=
as,0
{s}
({s} − {n})Ls+n +
bs,0
{s}
{s}Is+n
=
qn − qs
1− qs
as,0Ls+n +
bs,0
1− qs
Is+n
= as,nLs+n + bs,nIs+n.
So
(3.25) ϕ(Ln) =
as,0
{s}
adLs(Ln) +
bs,0
{s}
adIs(Ln).
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By (1.10) and (3.24), we obtain
{n}ϕ(In) = ϕ([In, L0]q)
=
1
1 + qs
(
[ϕ(In), αq(L0)]q + [αq(In), ϕ(L0)]q
)
=
1
1 + qs
(
[cs,nLs+n + ds,nIs+n, 2L0]q + [(1 + q
n)In, as,0Ls + bs,0Is]q
)
=
2
1 + qs
{s+ n}cs,nLs+n +
( 2
1 + qs
{s+ n}ds,n +
1 + qn
1 + qs
{n}as,0
)
Is+n,
then
{n}cs,n =
2
1 + qs
{s+ n}cs,n,
{n}ds,n =
2
1 + qs
{s+ n}ds,n +
1 + qn
1 + qs
{n}as,0.
We deduce that, cs,n = 0, ∀ n ∈ N and ds,n =
1−qn
qs−1 as,0. Moreover,
as,0
{s}
adLs(In) +
bs,0
{s}
adIs(In) =
as,0
{s}
[Ls, Ln]q +
bs,0
{s}
[Is, Ln]q
=
−{n}
{s}
as,0Ls+n
= −
1− qn
1− qs
as,0Is+n
= ds,nIs+n.
So
(3.26) ϕ(In) =
as,0
{s}
adLs(In) +
bs,0
{s}
adIs(In).
Applying the same relations (1.11) and (3.24), we have
(3.27) ϕ(Gn) =
as,0
{s}
adLs(Gn) +
bs,0
{s}
adIs(Gn).
And by (1.13) and (3.24), we have
(3.28) ϕ(Tn) =
as,0
{s}
adLs(Tn) +
bs,0
{s}
adIs(Tn).
Using (3.25), (3.26), (3.27) and (3.28) we deduce that ϕ =
as,0
{s} adLs +
bs,0
{s} adIs .

Proposition 3.6. If ϕ is an odd q-derivation of degree s 6= −1 then it is an inner derivation, more
precisely:
(QDerAq)1,s =< adGs + adTs > .
Proof. Let ϕ be an odd q-derivation of degree s 6= −1:
ϕ(Ln) = as,nGs+n + bs,nTs+n, ϕ(In) = cs,nGs+n + ds,nTs+n,(3.29)
ϕ(Gn) = es,nLs+n + fs,nIs+n, ϕ(Tn) = gs,nLs+n + hs,nIs+n,
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By (1.9) and (3.29), we have
{n}ϕ(Ln) = ϕ([Ln, L0]q)
=
1
1 + qs+1
(
[ϕ(Ln), αq(L0)]q + [αq(Ln), ϕ(L0)]q
)
=
1
1 + qs+1
(
[as,nGs+n + bs,nTs+n, 2L0]q + [(1 + q
n)Ln, as,0Gs + bs,0Ts]q
)
=
( 1 + qn
1 + qs+1
({n} − {s+ 1})as,0 +
2
1 + qs+1
{s+ n+ 1}as,n
)
Gs+n
+
( 2
1 + qs+1
{s+ n}bs,n −
2(1 + qn)
1 + qs+1
{s+ 1}bs,0
)
Ts+n,
then
{n}as,n =
1 + qn
1 + qs+1
({n} − {s+ 1})as,0 +
2
1 + qs+1
{s+ n+ 1}as,n,
{n}bs,n =
2
1 + qs+1
{s+ n}bs,n −
2(1 + qn)
1 + qs+1
{s+ 1}bs,0.
We deduce that, as,n =
qs+1−qn
qs+1−1 as,0 and bs,n = bs,0. On the other hand,
as,0
{s+ 1}
adGs(Ln) +
bs,0
{s+ 1}
adTs(Ln) =
as,0
{s+ 1}
[Gs, Ln]q +
bs,0
{s+ 1}
[Ts, Ln]q
=
as,0
{s+ 1}
({s+ 1} − {n})Gs+n +
bs,0
{s+ 1}
{s+ 1}Ts+n
=
qs+1 − qn
qs+1 − 1
as,0Gs+n + bs,0Ts+n
= as,nGs,n + bs,nTs,n.
So ϕ(Ln) =
as,0
{s+1}adGs(Ln) +
bs,0
{s+1}adTs(Ln).
By (1.10) and (3.29), we have
{n}ϕ(In) = ϕ([In, L0]q)
=
1
1 + qs+1
(
[ϕ(In), αq(L0)]q + [αq(In), ϕ(L0)]q
)
=
1
1 + qs+1
(
[cs,nGs+n + ds,nTs+n, 2L0]q + [(1 + q
n)In, as,0Gs + bs,0Ts]q
)
=
2
1 + qs+1
{s+ n+ 1}cs,nGs+n +
( 2
1 + qs+1
{s+ n+ 1}ds,n +
1 + qn
1 + qs+1
{n}bs,0
)
Ts+n,
then
{n}cs,n =
2
1 + qs+1
{s+ n+ 1}cs,n,
{n}ds,n =
2
1 + qs+1
{s+ n+ 1}ds,n +
1 + qn
1 + qs+1
{n}as,0.
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We deduce that, cs,n = 0 and ds,n =
1−qn
qs+1−1as,0. On the other hand,
as,0
{s+ 1}
adGs(In) +
bs,0
{s+ 1}
adTs(In) =
as,0
{s+ 1}
[Gs, In]q +
bs,0
{s+ 1}
[Ts, In]q
= −
{n}
{s+ 1}
as,0Ts+n
=
qn − 1
1− qs+1
as,0Ts+n
= ds,nTs,n.
So ϕ(In) =
as,0
{s+1}adGs(In) +
bs,0
{s+1}adTs(In).
similarly, by (1.11) and (3.29), we have
ϕ(Gn) =
as,0
{s+ 1}
adGs(Gn) +
bs,0
{s+ 1}
adTs(Gn).
And by (1.13) and (3.29), we have
ϕ(Tn) =
as,0
{s+ 1}
adGs(Tn) +
bs,0
{s+ 1}
adTs(Tn).
Which implies that
ϕ =
as,0
{s+ 1}
adGs +
bs,0
{s+ 1}
adTs .

4. Cohomology of n-ary Hom-superalgebras induced by cohomology of Hom-Leibniz
superalgebras
4.1. n-ary Hom-Nambu superalgebras. In this section, we recall the definitions of n-ary Hom-Nambu
algebras and n-ary Hom-Nambu-Lie algebras, introduced in [8] by Ataguema, Makhlouf and Silvestrov
and we generalize them to superalgebras cases.
Definition 4.1. An n-ary Hom-Nambu algebra is a triple (N, [·, ..., ·], α˜) consisting of a vector space N ,
an n-linear map [·, ..., ·] : Nn −→ N and a family α˜ = (αi)1≤i≤n−1 of linear maps αi : N −→ N , satisfying
[
α1(x1), ...., αn−1(xn−1), [y1, ...., yn]
]
=(4.1)
n∑
i=1
[
α1(y1), ...., αi−1(yi−1), [x1, ...., xn−1, yi], αi(yi+1), ..., αn−1(yn)
]
,
for all (x1, ..., xn−1) ∈ Nn−1, (y1, ..., yn) ∈ Nn.
The identity (4.1) is called Hom-Nambu identity.
Definition 4.2. An n-ary Hom-Nambu superalgebra is a triple (N, [·, ..., ·], α˜) consisting of a vector space
N = N0⊕N1, an even n-linear map [·, ..., ·] : Nn −→ N such that [Nj1 , ..., Njn ] ⊂ Nj1+...+jn and a family
α˜ = (αi)1≤i≤n−1 of even linear maps αi : N −→ N , satisfying
[
α1(x1), ...., αn−1(xn−1), [y1, ...., yn]
]
=(4.2)
n∑
i=1
(−1)|y||x
i|
[
α1(y1), ...., αi−1(yi−1), [x1, ...., xn−1, yi], αi(yi+1), ..., αn−1(yn)
]
,
for all (x1, ..., xn−1) ∈ H(N)n−1, (y1, ..., yn) ∈ H(N)n, where |xi| =
i−1∑
j=1
|xj | and |y| =
n−1∑
j=1
|yj |
The identity (4.2) is called Super-Hom-Nambu identity.
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Let x = (x1, . . . , xn−1) ∈ H(N)n−1, α˜(x) = (α1(x1), . . . , αn−1(xn−1)) ∈ H(N)n−1 and y ∈ H(N). We
define an adjoint map ad(x) as a linear map on N , such that
(4.3) Lx(y) = [x1, · · · , xn−1, y].
Then the Super-Hom-Nambu identity (4.1) may be written in terms of adjoint map as
Lα˜(x)([y1, ..., yn]) =
n∑
i=1
(−1)|y||x
i|[α1(y1), ..., αi−1(yi−1), Lx(yi), αi+1(yi+1)..., αn−1(yn)].
Remark 4.3. When the maps (αi)1≤i≤n−1 are all identity maps, one recovers the classical n-ary Nambu
superalgebras. The Super-Hom-Nambu Identity (4.1), for n = 2, corresponds to Super-Hom-Jacobi
identity (see [25]), which reduces to Super-Jacobi identity when α1 = id.
Definition 4.4. An n-ary Hom-Nambu superalgebra (N, [·, ..., ·], α˜) where α˜ = (αi)1≤i≤n−1 is called
n-ary Hom-Nambu-Lie superalgebra if the bracket is super skew-symmetric that is
(4.4)
[x1, ..., xi, ...., xj , ..., xn] = −(−1)
|xi||xj|[x1, ..., xj , ...., xi, ..., xn], ∀ i, j ∈ {1, ..., n} and ∀ x1, ..., xn ∈ H(N)
In the sequel we deal with a particular class of n-ary Hom-Nambu-Lie superalgebras which we call n-ary
multiplicative Hom-Nambu-Lie superalgebras.
Definition 4.5. An n-ary multiplicative Hom-Nambu superalgebra is an n-ary Hom-Nambu superalgebra
(N, [·, ..., ·], α˜) with α˜ = (αi)1≤i≤n−1 where α1 = ... = αn−1 = α and satisfying
(4.5) α([x1, .., xn]) = [α(x1), .., α(xn)], ∀ x1, ..., xn ∈ H(N).
For simplicity, we will denote the n-ary multiplicative Hom-Nambu superalgebra as (N, [·, ..., ·], α) where
α : N → N is a linear map. Also by misuse of language an element x ∈ H(N)n refers to x = (x1, .., xn),
where xi ∈ H(N), and α(x) denotes (α(x1), ..., α(xn)).
4.2. From n-ary Hom-Nambu-Lie superalgebra to Hom-Leibniz superalgebra. Let (N, [·, ..., ·], α)
be an n-ary multiplicative Hom-Nambu-Lie superalgebra. On ∧n−1N which is the set of elements
x1 ∧ ... ∧ xn−1 that are skew-symmetric in their arguments, we define, for x = x1 ⊗ ...⊗ xn−1 ∈ ⊗n−1N ,
a linear map αˆ : ⊗n−1N −→ ⊗n−1N for all x = x1 ⊗ ...⊗ xn−1 ∈ ⊗n−1N , by
(4.6) αˆ(x) = α(x1)⊗ ...⊗ α(xn−1)
and an even bilinear map [ , ]α : ∧n−1N × ∧n−1N −→ ∧n−1N defined for all x, y ∈ ⊗n−1H(N) by
(4.7) [x, y]α = L(x) •α y =
n−1∑
i=0
(−1)|x||y
i|
(
α(y1), ..., L(x) · yi, ..., α(yn−1)
)
.
We denote by L(N) the space ∧n−1N and call it the fundamental set, L(N) is Z2-graded.
Lemma 4.6. The map L satisfies
(4.8) L([x, y]α) · α(z) = L(α(x)) ·
(
L(y) · z
)
− (−1)|x||y|L(α(y)) ·
(
L(x) · z
)
for all x, y ∈ H(L(N)), z ∈ H(N).
Proposition 4.7. The triple
(
L(N), [ , ]α, α˜
)
is a Hom-Leibniz superalgebra.
Proof. Let x = x1 ∧ ... ∧ xn−1, y = y1 ∧ ... ∧ yn−1 and u = u1 ∧ ... ∧ un−1 ∈ H(L(N)), the Super-Leibniz
identity (1.1) can be written
(4.9)
[
[x, y]α, α˜(u)
]
α
= [α˜(x), [y, u]α
]
α
− (−1)|x||y|[α˜(y), [x, u]α
]
α
and equivalently for v ∈ H(N)
(4.10)
(
L
(
L(x)•αy
)
•αα˜(u)
)
·(v) =
(
L(α(x))•α
(
L(y)•αu
))
·(v)−(−1)|x||y|
(
L(α(y))•α
(
L(x)•αu
))
·(v).
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Let us compute first
(
L(α˜(x)) •α
(
L(y) •α u
))
. This is given by
(
L(α(x)) •α
(
L(y) •α u
))
=
n−1∑
i=1
(−1)|y||u
i|L(α(x)) •α
(
α(u1), ..., L(y) · ui, ..., α(un−1)
)
=
n−1∑
i=1
n−1∑
j<i,j=1
(−1)|x||u
j|+|y||ui|
(
α2(u1), ..., α(L(x) · uj), ..., α(L(y) · ui)..., α
2(un−1)
)
+
n−1∑
i=
n−1∑
j>i,j=1
(−1)|x||y|+|x||u
j|+|y||ui|
(
α2(u1), ..., α(L(y) · ui)..., α(L(x) · uj), ..., α
2(un−1)
)
+
n−1∑
i=1
(−1)|x||u
i|+|y||ui|
(
α2(u1), ..., L(α˜(x)) · (L(y) · ui), ..., α
2(un−1)
)
.
The right hand side of (4.10) is skew-symmetric in x, y. Hence,(
L(α(x)) •α
(
L(y) •α u
))
− (−1)|x||y|
(
L(α(y)) •α
(
L(x) •α u
))
=
(4.11)
n−1∑
i=1
(−1)|x||u
i|+|y||ui|(α2(u1), ..., {L(α(x))·(L(y)·ui)−(−1)
|x||y|L(α(y))·(L(x)·ui)}, ..., α
2(un−1)
)
.
In the other hand, using Definition (4.7), we find(
L
(
L(x) •α y
)
•α α˜(u)
)
=
n−1∑
i=1
n−1∑
j=1
(−1)|x||y
j|+|x||ui|+|y||ui|
(
α2(u1), ..., α
2(ui−1),
[α(y1), ..., L(x) · yj , ..., α(yn−1), α(ui)], α
2(ui+1), ..., α
2(un−1)
)
=
n−1∑
i=0
(−1)|x||u
i|+|y||ui|
(
α2(u1), ..., α
2(ui−1), [x, y]α · α(ui), α
2(ui+1), ..., α
2(un−1)
)
.
The identity (4.9) holds by using Lemma 4.6. 
Remark 4.8. We obtain a similar result if we consider the space TN = ⊗n−1N instead of L(N).
4.3. Representations of Hom-Nambu-Lie superalgebras. We provide in the following a graded
version of the study of representations of n-ary Hom-Nambu-Lie algebras stated in [2].
Definition 4.9. A representation of an n-ary Hom-Nambu superalgebra (N, [·, ..., ·], α˜) on a Z2-graded
vector space V = V0 ⊕ V1 is an even super skew-symmetric multilinear map ρ : N
n−1 −→ End(V )
satisfying for x, y ∈ H(Nn−1) the identity
(4.12) ρ(α˜(x)) ◦ ρ(y)− (−1)|x||y|ρ(α˜(y)) ◦ ρ(x) =
n−1∑
i=1
(−1)|y||x
i|ρ(α1(x1), ..., L(y) ·xi, ..., αn−2(xn−1)) ◦ ν,
where ν is an even endomorphism on V . We denote this representation by a triple (V, ρ, ν).
Two representations (V, ρ, ν) and (V ′, ρ′, ν′) ofN are equivalent if there exists f : V → V ′, an isomorphism
of vector space, such that f(x ·v) = x ·′ f(v) and f ◦ ν = ν′ ◦ f where x ·v = ρ(x)(v) and x ·′ v′ = ρ′(x)(v′)
for x ∈ H(Nn−1), v ∈ V and v′ ∈ V ′. Then V and V ′ are viewed as Nn−1-modules.
Remark 4.10. Let (N, [·, ..., ·], α) be a multiplicative n-ary Hom-Nambu superalgebra. The identity (4.12)
can be written
(4.13) ρ(α˜(x)) ◦ ρ(y)− (−1)|x||y|ρ(α˜(y)) ◦ ρ(x) = ρ([x, y]α) ◦ ν.
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Example 4.11. Let (N, [·, ..., ·], α˜) be an n-ary Hom-Nambu-Lie superalgebra. The map L defined in
(4.3) is a representation on N , where the endomorphism ν is the twist map αn−1. The identity (4.12) is
equivalent to the Hom-Nambu identity (4.1). This representation is called the adjoint representation.
4.4. Cohomology of Hom-Nambu-Lie superalgebras. Let (N, [·, ..., ·], α) be an n-ary multiplicative
Hom-Nambu-Lie superalgebra (α1 = ... = αn = α) and (V, ρ, ν) a N
n−1-module.
Definition 4.12. A p-cochain is a (p+ 1)-linear map ϕ : L(N)⊗ ...⊗ L(N) ∧N −→ V , such that
ν ◦ ϕ(x1, ..., xp, z) = ϕ(α(x1), ..., α(xp), α(z)).
We denote the set of p-cochains by Cpα,µ(N, V )
Definition 4.13. We call, for p ≥ 1, p-coboundary operator of the multiplicative n-ary Hom-Nambu-Lie
superalgebra (N, [·, ..., ·], α) the linear map δp : Cpα,µ(N, V )→ C
p+1
α,µ (N, V ) defined by
δpψ(x1, ..., xp, xp+1, z)(4.14)
=
p+1∑
1≤i<j
(−1)i+(|xi+1|+...+|xj−1|)|xi|ψ
(
α(x1), ..., α̂(xi), ..., α(xj−1), [xi, xj ]α, ..., α(xp+1), α(z)
)
+
p+1∑
i=1
(−1)i+(|xi+1|+...+|xp+1|)|xi|ψ
(
α(x1), ..., α̂(xi), ..., α(xp+1), L(xi) · z
)
+
p+1∑
i=1
(−1)i+1+(|ψ|+|x1|+...+|xi−1|)|xi|ρ(αp(xi))
(
ψ
(
x1, ..., x̂i, ..., xp+1, z
))
+ (−1)(|ψ|+|x1|+...+|xp+1|)|z|
(
ψ(x1, ..., xp, ) · xp+1
)
•α α
p(z)
where (
ψ(x1, ..., xp, ) · xp+1
)
•α α
p(z)
=
p−1∑
i=1
(−1)i+|ψ|+|x1|+...+|xp|+|x
i
p+1|+|z|ρ(αp(x1p+1), ..., α
p(xn−1p+1 ), α
p(z))(ψ(x1, ..., xp, x
i
p+1)),(4.15)
for xi = (x
j
i )1≤j≤n−1 ∈ H(L(N)), 1 ≤ i ≤ p+ 1, z ∈ H(N).
Proposition 4.14. Let ψ ∈ Cpα,µ(N, V ) be a p-cochain then
δp+1 ◦ δp(ψ) = 0.
Therefore, we have a cohomology complex. Let ψ be a p-cochain, xi = (x
j
i )1≤j≤n−1 ∈ H(L(N)), 1 ≤ i ≤
p+ 2 and z ∈ H(N).
Definition 4.15. We define the space of
• p-cocycles by
Zpα,ν(N, V ) = {ϕ ∈ C
p
α,ν(N, V ) : δ
pϕ = 0},
• p-coboundaries by
Bpα,ν(N, V ) = {ψ = δ
p−1ϕ : ϕ ∈ Cp−1α,ν (N, V ).
Lemma 4.16. Bpα,ν(N, V ) ⊂ Z
p
α,ν(N, V ).
Definition 4.17. We call the pth-cohomology group the quotient
Hpα,ν(N, V ) = Z
p
α,ν(N, V )/B
p
α,ν(N, V ).
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4.5. Cohomology of n-ary Hom-superalgebras induced by cohomology of Hom-Leibniz super-
algebras. In this section we extend to n-ary multiplicative Hom-Nambu-Lie superalgebras the Takhta-
jan’s construction of a cohomology of ternary Nambu-Lie algebras starting from Chevalley-Eilenberg
cohomology of Lie algebras, (see [13, 30, 31]).
Let (N, [·, ..., ·], α) be a multiplicative n-ary Hom-Nambu-Lie superalgebra and the triple (L(N) =
N⊗n−1, [·, ·]α, α) be the Hom-Leibniz superalgebra associated to N where the bracket is defined in (4.7).
Theorem 4.18. Let (N, [·, ..., ·], α) be a multiplicative n-ary Hom-Nambu-Lie superalgebra and Cpα,α(N,N) =
Hom(⊗pL(N)⊗N,N) for p ≥ 1 be the set of cochains. Let ∆ : Cpα,α(N,N)→ C
p
α˜,α˜(L(N),L(N)) be the
linear map defined for p = 0 and (x1, ..., xn−1) ∈ H(N)
n−1 by
∆ϕ(x1 ⊗ · · · ⊗ xn−1) =
n−1∑
i=0
(−1)(|x1|+...+|xi−1|)|ϕ|x1 ⊗ · · · ⊗ ϕ(xi)⊗ · · · ⊗ xn−1(4.16)
and for p > 0 by
(∆ϕ)(a1, · · · , ap+1) =(4.17)
n−1∑
i=1
(−1)(|ϕ|+|a1|+...+|ap|)|a
i−1
p+1
|αp−1(x1p+1)⊗ · · · ⊗ ϕ(a1, · · · , an−1 ⊗ x
i
p+1)⊗ · · · ⊗ α
n−1(xn−1p+1 ),
where we set aj = x
1
j ⊗ · · · ⊗ x
n−1
j .
Then there exists a cohomology complex (C•α,α(N,N), δ) for n-ary Hom-Nambu-Lie superalgebras such
that
d ◦∆ = ∆ ◦ δ.
The coboundary map δ : CpN (N,N)→ C
p+1
N (N,N) is defined for ϕ ∈ C
p
N (N,N) by
δpψ(a1, ..., ap, ap+1, z)
=
p+1∑
1≤i<j
(−1)i(−1)(|ai+1|+...+|aj−1|)|ai|ψ
(
α(a1), ..., α̂(ai), ..., α(aj−1), [ai, aj ]α, ..., α(ap+1), α(z)
)
+
p+1∑
i=1
(−1)i(−1)(|ai+1|+...+|ap+1|)|ai|ψ
(
α(a1), ..., α̂(ai), ..., α(ap+1), L(ai) · z
)
+
p+1∑
i=1
(−1)i+1(−1)(|ψ|+|a1|+...+|ai−1|)|ai|L(αp(ai)) · ψ
(
a1, ..., âi, ..., ap+1, z
)
+ (−1)(|ψ|+|a1|+...+|ap+1|)|z|(−1)p
(
ψ(a1, ..., ap, ) · ap+1
)
•α α
p(z)
where
(
ϕ(a1, ..., ap, ) · ap+1
)
•α α
p(z) =
n−1∑
i=1
[αp(x1p+1), ..., ϕ(a1, ..., ap, x
i
p+1), ..., α
p(xn−1p+1 ), α
p(z)].
for ai ∈ H(L(N)), x ∈ H(N).
Proof. Let ϕ ∈ Cpα,α(N,N) and (a1 · · · ap+1) ∈ L where aj = x
j
1 ⊗ · · · ⊗ x
j
n−1.
Then ∆ϕ ∈ Cpα˜,α˜(L(N),L(N)) and according to (2.2) and (4.14) we set d = d1 + d2 + d3 and δ =
δ1 + δ2 + δ3 + δ4 , where
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d1ϕ(a1, · · · , ap+1) =
p∑
k=1
(−1)k−1
[
αp−1(ak), ϕ(a1, · · · , âk, · · · , ap+1)
]
d2ϕ(a1, · · · , ap+1) = (−1)
p+1
[
ϕ(a1 ⊗ · · · ⊗ ap), α
p−1(ap+1)
]
d3ϕ(a1, · · · , ap+1) =
p+1∑
1≤k<j
(−1)kϕ(α(a1)⊗ · · · ⊗ âk ⊗ · · · ⊗ α(aj−1)⊗ [ak, aj ]⊗ α(aj+1)⊗ · · · ⊗ α(ap+1))
and
δp1ψ(x1, ..., xp+1, z) =
p+1∑
1≤i<j
(−1)i+(|xi+1|+...+|xj−1|)|xi|ψ
(
α(x1), ..., α̂(xi), ..., α(xj−1), [xi, xj ]α, ..., α(xp+1), α(z)
)
δp2ψ(x1, ..., xp+1, z) =
p+1∑
i=1
(−1)i+(|xi+1|+...+|xp+1|)|xi|ψ
(
α(x1), ..., α̂(xi), ..., α(xp+1), L(xi) · z
)
δp3ψ(x1, ..., xp+1, z) =
p+1∑
i=1
(−1)i+1+(|ψ|+|x1|+...+|xi−1|)|xi|ρ(αp(xi))
(
ψ
(
x1, ..., x̂i, ..., xp+1, z
))
δp4ψ(x1, ..., xp+1, z) = (−1)
(|ψ|+|x1|+...+|xp+1|)|z|
(
ψ(x1, ..., xp, ) · xp+1
)
•α α
p(z).
By (4.17) we have
d1 ◦∆ϕ(a1, · · · , ap+1)
=
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
[
αp−1(ak),∆ϕ(a1, · · · , âk, · · · , ap+1)
]
=
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
n−1∑
i=1
(−1)(|ϕ|+|a1|+...+|̂ak|+...+|ap|)|a
i−1
p+1
|
[
αp−1(ak), α
p−1(x1p+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ α
p−1(xn−1p+1 )
]
=
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
n−1∑
i>j
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ α
p(xn−1p+1 )
+
p∑
k=1
(−1)k−1(−1)(|ϕ|+|ak+1|+...+|ap|)|ak|
n−1∑
j>i
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ α
p(xn−1p+1 )
+
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
n−1∑
i=1
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ L(α
p−1(ak)).ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ α
p(xn−1p+1 )
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=
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
n−1∑
i>j
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ α
p(xn−1p+1 )
+
p∑
k=1
(−1)k−1(−1)(|ϕ|+|ak+1|+...+|ap|)|ak|
n−1∑
j>i
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ α
p(xn−1p+1 )
+ ∆ ◦ δ3 ◦ ϕ(a1, · · · , ap+1)
= Λ1 + Λ2 +∆ ◦ δ3 ◦ ϕ(a1, · · · , ap+1)
where
Λ1 =
p∑
k=1
(−1)k−1(−1)(|ϕ|+|a1|+...+|ak−1|)|ak|
n−1∑
i>j
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ α
p(xn−1p+1 )
Λ2 =
p∑
k=1
(−1)k−1(−1)(|ϕ|+|ak+1|+...+|ap|)|ak|
n−1∑
j>i
(−1)(|ϕ|+|a1|+...+|ak|+...+|ap|)|a
i−1
p+1
|
αp(x1p+1)⊗ · · · ⊗ ϕ(a1, · · · , âk, · · · , x
i
p+1)⊗ · · · ⊗ L(α
p−1(ak)).α
p−1(xjp+1)⊗ · · · ⊗ α
p(xn−1p+1 ).
Similarly we can prove that
d2 ◦∆ϕ(a1, · · · , ap+1) = ∆ ◦ δ4ϕ(a1, · · · , ap+1)(4.18)
and
d3∆ ◦ ϕ(a1, · · · , ap+1) = ∆ ◦ δ1ϕ(a1, · · · , ap+1) + ∆ ◦ δ2ϕ(a1, · · · , ap+1)− Λ1 − Λ2.(4.19)
Finally we have
d ◦∆ = d1 ◦∆+ d2 ◦∆+ d3 ◦∆ = ∆ ◦ δ3 +∆ ◦ δ4 +∆ ◦ δ1 +∆ ◦ δ2 = ∆ ◦ δ
where δ = δ1 + δ2 + δ3 + δ4 as defined in Proof 4.14. 
Remark 4.19. If d2 = 0, then δ2 = 0.
In fact, since d ◦∆ = ∆ ◦ δ, then
∆ ◦ δ2 = ∆ ◦ δ ◦ δ = d ◦∆ ◦ δ = d ◦ .d ◦∆ = d2 ◦∆ = 0.
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